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Abstract
Reduction of the η-deformed sigma model on AdS5 × S5 to the two-dimensional squashed sphere (S2)η can
be viewed as a special case of the Fateev sausage model where the coupling constant ν is imaginary. We
show that geodesic motion in this model is described by a certain superintegrable mechanical system with
four-dimensional phase space. This is done by means of explicitly constructing three integrals of motion
which satisfy the sl(2) Poisson algebra relations, albeit being non-polynomial in momenta. Further, we find a
canonical transformation which transforms the Hamiltonian of this mechanical system to the one describing
the geodesic motion on the usual two-sphere. By inverting this transformation we map geodesics on this
auxiliary two-sphere back to the sausage model. This paper is a tribute to the memory of Prof. Petr Kulish.
1Correspondent fellow at Steklov Mathematical Institute, Moscow.
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1 Introduction
The appearance of integrable models in the context of the gauge-string correspondence is a fasci-
nating phenomenon [1]. In particular, the string sigma model on AdS5× S5 in the light-cone gauge
defines a two-dimensional integrable quantum field theory which spectrum is accessible through the
mirror Thermodynamic Bethe Ansatz (TBA) [2] and its alternative representation in terms of the
Quantum Spectral Curve [3].
Recently, based on the previous work [4], it was understood that the string sigma model on
AdS5 × S5 can be deformed in a way which preserves its integrability. Notably, the deformations2
come in three families which are typically called as η-deformations [6, 7], λ-deformations [8] and
deformations based on solutions of the classical Yang-Baxter equation [9]. This discovery triggered
a number of interesting investigations which range from constructing the world-sheet S-matrices
[10, 11] and the TBA equations [12, 13] for these theories to finding the corresponding background
geometries [14–19].
2The corresponding dual theories are expected to be described as non-commutative gauge theories, various aspects
of the latter have been extensively studied in the work of P. Kulish and his collaborators, see e.g. [5].
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In the present work we will deal with yet another aspect of deformed theories, namely, with finite-
dimensional integrable models which arise upon certain consistent reductions of the η-deformed
models. In our previous work [20] and [21] we have shown that the “spinning string ansatz”
and its generalisation lead to a reduction of the original sigma model to one-dimensional mod-
els. It is natural to refer to these models as the η-deformed Neumann and Neumann-Rosochatius
models, respectively, in accord with their undeformed counterparts appearing in string theory on
AdS5 × S5 [22]. For these mechanical models we proved their Liouville integrability by exhibiting
a necessary number of commuting integrals of motion and by constructing the corresponding Lax
representations. In particular, in [20] restricting ourselves for simplicity to the deformed five-sphere,
we have demonstrated that the geodesic motion on this manifold is integrable – in addition to the
three conserved angular momenta and the Hamiltonian H, there is yet another non-trivial integral
Q which has vanishing Poisson brackets with the previous ones and which is quartic in momenta.
The system which describes this motion is the η-deformed Rosochatius model.
In this paper we continue to investigate the geodesic problem on the η-deformed manifolds.3
For the case of the usual sphere the geodesic motion is described by the Rosochatius model, which
is known to be not only Liouville integrable but also maximally superintegrable [24]. This means
that it has a set of non-abelian integrals of motion, viz., forming a non-trivial Poisson algebra. This
is precisely the reason why geodesics on the sphere are closed. In particular, for the case of the
five-sphere the Rosochatius model has a four-dimensional phase space (after accounting that three
angle variables are cyclic and that their corresponding conserved angular momenta can be fixed)
and there are three non-abelian integrals which make this model superintegrable. Of course, for
a particle on a d-dimensional sphere the maximal superintegrability follows from existence of the
non-abelian isometry group SO(d+ 1).
Trials reveal that in general the question about superintegrability of geodesic motion for the
η-deformed case is difficult to answer. In this work we show however that there exists a consis-
tent reduction of the η-deformed sigma model for which the corresponding geodesic problem is
superintegrable. Omitting the AdS part of the (AdS5 × S5)η and putting to zero the three angular
coordinates ξ, φ1, and φ2 of (S
5)η we obtain a reduced sigma model which depends on the remaining
two coordinates, namely, z and φ with the range 0 ≤ z ≤ 1 and 0 ≤ φ < 2pi. As has been noticed
in [14], this reduced sigma model is nothing else but the Fateev sausage model [25], although for
a real deformation parameter η the corresponding manifold looks like a “squashed sphere” rather
than a stretched out sausage, see Figure 1. We will therefore attribute to this manifold the notation
(S2)η but continue to call it Fateev sausage (FS). At η = 0 the corresponding manifold is the usual
two-sphere S2 which gets squashed as the deformation is turned on. A very interesting feature is
that when η → 1 the model undergoes a topological transition so that for η = 1 the corresponding
manifold is a two-dimensional hyperbolic space H2 which coincides with the Euclidean version of
the Anti-de-Sitter space.
3Special cases for geodesic motion in η-deformed backgrounds have been approached earlier in [23] and in the
unpublished work by S. Frolov and R. Roiban.
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One of the main findings of our work is that the geodesic problem in the FS model is maxi-
mally superintegrable. The point-like solutions describing geodesic motion have four-dimensional
phase space. The corresponding Hamiltonian coincides with that of the two-dimensional η-deformed
Rosochatius model obtained from the five-dimensional one by putting the angular coordinates
ξ, φ1, φ2 and their corresponding momenta to zero
4. This model appears to be maximally superin-
tegrable because as we will show there are three integrals KA, A = 1, 2, 3, which satisfy the Poisson
bracket relations for the generators of the sl(2) algebra with the Hamiltonian being proportional
to the quadratic Casimir. Furthermore, KA also satisfy certain reality conditions which depend on
the value of η. For η = 0 the generators KA actually produce an so(3) algebra, while for η = 1
the corresponding algebra is so(1, 2), in agreement with the topological transition from S2 to H2
that was mentioned above. To find KA we first start from a perturbative treatment in powers of
κ = 2η
1−η2 as we know the form of the generators for κ = 0. But later we arrive at a general ansatz
for KA which does not rely on perturbation theory anymore and reduces the problem of finding KA
to a system of ODE’s, which we solve explicitly.
The fact that for all values of κ the Poisson algebra of KA looks formally as sl(2) hints that
there could be a non-trivial canonical transformation from the phase space {r, φ, pir, piφ} to the one
of the ordinary sphere {r˜, φ˜, p˜ir, p˜iφ}, which transforms the Hamiltonian H into the Hamiltonian
describing the geodesic motion on the sphere. Finding of this canonical transformation is another
achievement of our work.
Applying the inverse canonical transformation we obtain the geodesics in the FS model from
the geodesics in the sphere.5 For this we observe another very interesting feature. Namely, while
geodesics on S2 are closed due to superintegrability, their images on (S2)η are not closed for generic η,
where we however determine the condition when they become closed. At first sight this contradicts
to superintegrability of (S2)η. One might find an explanation of this phenomenon by recalling the
conditions under which periodic motion takes place. According to the corresponding theorem, see
e.g. [26], having 2n−1 integrals for a dynamical system with 2n dimensional phase space will lead to
a one-dimensional Liouville torus and therefore to closed orbits if the integrals are smooth functions
of the phase space variables and their level surface is compact and connected. For generic η, this
appears not be the case for the found KA – the generators K1 and K2 contain inverse powers of
momenta and therefore are not globally defined on the phase space. The points where KA have
singularities must be excluded which, from this point of view, makes (S2)η a much more complicated
manifold. The situation is also somewhat similar to the one encountered for Euler’s top. Here the
angular velocity ~Ω in the body, i.e. in the rotating frame, undergoes a periodic motion, while the
three Euler angles which describe the motion of the body in a stationary frame have in general
two rationally incomparable frequencies, the latter depend on the moments of inertia. It is this
complicated map from ~Ω to Euler angles which destroys periodicity [27].
4See the formula (A.1) in [20].
5Alternatively, geodesics in the FS model can be obtained directly by separation of variables. One just needs to
be careful to pick up a real, i.e. physical, solution for the variable r, cf. formula (5.2).
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Finally, we point out that the developed methods for finding the integrals of motion and solving
the geodesic problem are universal and apply to any two dimensional surface of revolution, having
one isometry, which seems to connect to the classic works [28]. As an example, for the renowned
geodesics problem on the spheroid, i.e., the ellipsoid of revolution, we provide the corresponding
integrals of motion in an appendix.
The paper is organised as follows. The next section is devoted to some preliminaries and setting
up notations. In Section 3 we construct the integrals KA for generic values of η and consider their
values in the limiting cases to S2 and H2, η → 0 and η → 1. We also verify that they form the
sl(2) algebra. In Section 4 we determine a canonical transformations which maps H to the standard
Hamiltonian for geodesic motion on the two-sphere. In Section 5 we find the corresponding inverse
transformation and apply it to solve the geodesic problem for the FS model. Finally, in the outlook,
Section 6, we briefly discuss the problems for future research. In Appendix A we apply our methods
to the case of the spheroid.
2 Preliminaries and setup
The aim of this work is to study geodesic motion on the η-deformed two-sphere (S2)η, that is the
sphere part of the background obtained by η-deforming [6, 7, 10] the AdS2 × S2 superstring sigma
model [29]. The construction has been carried out explicitly in [14], giving for the (bosonic) sphere
part of the sigma model action and Lagrangian
S(S2)η = T
∫
d2σL(S2)η , L(S2)η =
1
2
(
∂µz∂µz
(1− z2)(1 + κ2z2) +
1− z2
1 + κ2z2
∂µφ∂µφ
)
, (2.1)
with string tension T , deformation parameter κ = 2η
1−η2 , and η the original parameter of [6, 7].
Furthermore, (2.1) constitutes a consistent truncation of the (AdS5 × S5)η Lagrangian [10] by
switching off the (AdS5)η degrees of freedom as well as the ξ-, φ1-, and φ2-directions on (S
5)η.
As appreciated by the authors of [14], this is nothing but the Lagrangian of the well-known
integrable Fateev sausage model [25],
LFS =
1
2
(
∂µ~n · ∂µ~n
1− ν2
2 g2
n32
+ i g θ T
)
with ~n2 =
3∑
A=1
nA
2 = 1 , g =
ν
2
coth
(
ν(t0 − t)
4pi
)
, (2.2)
where the instanton charge T and the topological angle θ do not concern us here. Especially, taking
~n =
(√
1− z2 cos(φ),
√
1− z2 sin(φ), z
)
, (2.3)
we recover (2.1) by identifying the deformation parameters as
κ = ± i ν√
2 g
. (2.4)
Although for κ ∈ R the (S2)η background corresponds rather to an oblate squashed sphere than a
prolate sausage, see Figure 1 below, in agreement with [14] we will refer to the corresponding d = 2
dimensional manifold as the Fateev sausage (FS).
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Restriction to geodesic motion is obtained by considering a point-particle solution, z = z(τ) and
φ = φ(τ) with τ being the world-sheet time, yielding for the Hamiltonian
H =
(1− z2)(1 + κ2z2)
2
pi2z +
1 + κ2z2
2(1− z2)pi
2
φ , (2.5)
where piz and piφ are the momenta canonically conjugate to z and φ, respectively. By cyclicity of φ,
we see that piφ is an integral of motion,
{H,piφ}PB = 0 , (2.6)
showing the Liouville integrability of the system.
Let us additionally perform the canonical transformation given by
r =
√
1− z2
1 + κ2 z2
, pir =
∂z
∂r
piz =
−√1− z2(1 + κ2 z2)3/2
z(1 + κ2)
piz , (2.7)
which is part of the Z2-symmetry observed for (AdS3 × S3)η [14]. By this, the Hamiltonian reads
H =
(1− r2)(1 + κ2r2)
2
pi2r +
pi2φ
2 r2
. (2.8)
Generally, the coordinate r parametrizes only half the FS, see Figure 1, but as the above Hamiltonian
offers a simplified angular part, we prefer to work with (2.8) over (2.5).
We can split the Hamiltonian into an undeformed part Hs and a deformation Hδs,
H = Hs + κ2Hδs , Hs =
1− r2
2
pi2r +
pi2φ
2 r2
, Hδs =
r2(1− r2)
2
pi2r . (2.9)
Hence, in the undeformed limit, κ → 0, the system reduces to Hs, which describes geodesic motion
on the two-sphere. Corresponding R3 embedding coordinates parametrizing half the S2 are
~Xs =
(
X1s , X
2
s , X
3
s
)
=
(
r cos(φ), r sin(φ),
√
1− r2
)
with 0 ≤ r ≤ 1 , (2.10)
that is ~Xs
2 = XAs δABX
B
s = 1, for A,B, . . . = 1, 2, 3 and δ
AB = δAB = diag(1, 1, 1) the R3 metric.
With ABC the Levi-Civita tensor, 123 = 1, and the embedding momenta Ps,A = δABX˙
B
s , the SO(3)
isometry group is generated by the angular momenta Js,A = ABCδ
BDPs,DX
C
s ,
~Js =
(√
1− r2
r
(
piφ cos(φ) + rpir sin(φ)
)
,
√
1− r2
r
(
piφ sin(φ)− rpir cos(φ)
)
,−piφ
)
. (2.11)
They fulfill the so(3) Poisson algebra and their quadratic Casimir is just the Hamiltonian Hs,
{Js,A, Js,B}PB = ABCδCDJs,D , Hs = 1
2
~Ps
2 =
1
2
~Js
2 . (2.12)
To investigate the κ →∞ limit, let us apply the canonical rescaling
r = κ−1v , pir = κ piv , (2.13)
by which the Hamiltonian (2.8) takes the form
H = κ2
(
Hh + κ−2Hδh
)
, Hh =
1 + v2
2
pi2v +
pi2φ
2 v2
, Hδh = −v
2(1 + v2)
2
pi2v . (2.14)
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Hence, in the κ → ∞ limit, the system is dominated by the Hamiltonian Hh, which describes
geodesic motion on d = 2 dimensional hyperbolic space alias Euclidean AdS, H2 = EAdS2. Here,
the prefactor of κ2 could be absorbed into redefinition of the string tension T , see (2.1).
Corresponding R1,2 embedding coordinates are
~Xh =
(
X1h , X
2
h , X
3
h
)
=
(
v cos(φ), v sin(φ),
√
1 + v2
)
with 0 ≤ v ≤ ∞ , (2.15)
that is ~Xh
2 = XAh ηABX
B
h = −1, for again A,B, . . . = 1, 2, 3 but now ηAB = ηAB = diag(1, 1,−1)
the R1,2 metric. Analogously to (2.11), with the embedding momenta Ph,A = ηABX˙Bh , the SO(1, 2)
isometry group is generated by the boosts and angular momentum Jh,A = ABCη
BDPh,DX
C
h ,
~Jh =
(√
1 + v2
v
(
piφ cos(φ) + vpiv sin(φ)
)
,
√
1 + v2
v
(
piφ sin(φ)− vpiv cos(φ)
)
,−piφ
)
. (2.16)
They fulfill the so(1, 2) Poisson algebra and their quadratic Casimir is just the Hamiltonian Hh,
{Jh,A, Jh,B}PB = ABCηCDJh,D , Hh = 1
2
~Ph
2 =
1
2
~Jh
2 . (2.17)
Apart from noting the similarity between (2.11) and (2.16), let us stress that both limiting cases
possess the maximum amount of 2 d − 1 = 3 non-abelian integrals of motion, i.e., they are both
maximally superintegrable.
Of course the above limits are expected, as the sigma model on (AdS2×S2)η supposedly limits to
the ones on AdS2×S2 and dS2×H2 [14], respectively, which in turn could be viewed as a truncation
of the limiting behaviour of (AdS5 × S5)η [6, 7].
However, as exhibited in [16], there is another interesting candidate for the κ → ∞ limit of
(AdS5×S5)η given by the so called mirror geometry of AdS5×S5, which we denote as (AdS5×S5)m. It
is obtained by double Wick-rotating the world-sheet theory of the light cone AdS5×S5 string theory
[13, 30], see also [31]. For the AdS5-time t and an S
5-angle ϕ forming the light-cone coordinates,
this effectively amounts to interchanging the metric components gtt and 1/gϕϕ as well as swapping
the sign of the B-field.
The hyperboloid H2 = EAdS2 discussed above could be viewed as a subspace of (AdS5 × S5)m,
but it is not (S2)m, the sphere part of (AdS2 × S2)m, i.e., of the mirror geometry obtained for
AdS2 × S2.6 The limit corresponding to the latter is obtained [16] by the rescaling
w = κ z = κ
√
1− r2
1 + κ2r2
, ϕ = κ φ . (2.18)
By this the Hamiltonian (2.5) becomes
H = κ2
(
Hm +O(κ−2)
)
, Hm =
1 + w2
2
(
pi2w + pi
2
ϕ
)
, (2.19)
where one can read off the metric of (S2)m, ds
2 = 1
1+w2
(
dw2 + dϕ2
)
.
6Although dS2 ×H2 and (AdS2 × S2)m are related via a double T-duality [16].
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In the present work, we are mainly interested in the isometry algebras for S2 (2.12) and H2
(2.17) and the resulting maximal superintegrability of the geodesic motion. As a byproduct, our
analysis will yield results for the geodesic motion on (S2)m.
With the above limiting cases, let us try to construct embedding coordinates for the FS corre-
sponding to (2.8). But immediately one has to wonder what the signature of this embedding space
should be, whether it should be R3 or R1,2. Taking for definiteness R3 and the ansatz
~X =
(
r cos(φ), r sin(φ), Z(r)
)
, (2.20)
we find ds2 = d ~X2 = dr
2
(1−r2)(1+κ2 r2) + r
2dφ2 for
Z(r) =
1
κ
E
(
arctan(κ z)
∣∣1 + κ2)+ Z0 , (2.21)
for E(Ψ|m) the incomplete elliptic integral of the second kind, m its modulus squared7 and z =√
1−r2
1+κ2 r2 given in (2.7). Setting the integration constant Z0 = 0, by ∂rZ(r) ∝
√
1− κ4z2 we have
Z(r) ∈ R , for κ2 z ≤ 1 ,
Z(r) ∈ iR+ <(Z(κ−2)) , for κ2 z ≥ 1 .
(2.22)
This comes to no surprise, as it just reflects the fact that for κ2 z ≤ 1 and for κ2 z ≥ 1 the
appropriate embedding spaces are R3 and R1,2, respectively. Put differently, such problems can be
circumvented by embedding the FS into R1,3, with metric ηMN = diag(1, 1, 1,−1) and coordinates
~X =
(
r cos(φ), r sin(φ),<(Z(r)),=(Z(r))) . (2.23)
But as these are difficult to visualize, in the following we will instead plot the three-dimensional
coordinates
~X = (r cos(φ), r sin(φ),<(Z(r))−=(Z(r))) . (2.24)
Indeed, X3 = <(Z(r)) − =(Z(r)) is not only continuous but also has a continuous first derivative.
The corresponding d = 2 dimensional FS manifolds are plotted in Figure 1.
Figure 1: Embedding of the FS, with X3 = <(Z(r))−=(Z(r)), for κ = 1, κ = 1.5, and κ = 3.
The left plot, for κ = 1, was shown previously in [17]. Then for κ > 1 there appears a region
κ2z ≥ 1, where the shape of the FS becomes concave. Already for κ = 3 we see that the FS looks a
7We use the notation E(Ψ|m) = ∫ Ψ
0
dθ
√
1−m sin2(θ) .
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lot like zoomed-out d = 2 dimensional hyperbolic space H2 = EAdS2, a behaviour which gets more
and more pronounced with increasing κ.
By (2.22), z = κ−2 corresponds to the seam Max(X3) of the FS, plotted as dashed black line,
which therefore marks the “transition” between Euclidean R3 and Lorentzian R1,2 signature.
3 New integrals of motion
From the embedding coordinates for the FS, (2.20) with (2.21), see also Figure 1, it is clear that
for non-vanishing deformation, κ > 0, the two R3-isometries (2.11) Js,1 and Js,2 are broken, leaving
only Js,3 = −piφ intact. Of course, this observation just reflects the fact, that general η-deformations
leave only the corresponding Cartan subalgebra undeformed.
We can however ask a distinct question: Apart from Js,3 = −piφ, does the geodesic motion on
the FS (2.8) have additional integrals of motion?
To motivate this question, we recall that the limiting cases, the geodesic problem on S2 for κ → 0
and on H2 for κ →∞, are maximally superintegrable. The corresponding non-abelian integrals of
motion were given in (2.11) and (2.16), respectively, and we are therefore wondering what happens
to them “in between” these limits, that is for finite κ.
3.1 Constructing new integrals of motion
For definiteness, let us concentrate on the undeformed κ → 0 limit. Having the Hamiltonian in
the form H = Hs + κ2Hδs (2.9), at least for κ2 small one could perceived the term κ2Hδs as a
perturbation of the geodesic motion on the two-sphere. Hence, we can try to construct integrals of
motions KA by taking a power series ansatz in κ2 and demanding KA to limit to Js,A as κ → 0,
KA=1,2,3 =
∞∑
n=0
κ2nK(n)A = Js,A +
∞∑
n=1
κ2nK(n)A = Js,A + κ
2K
(1)
A +O(κ4) . (3.1)
Imposing {H,KA}PB = 0 to all orders in κ2 then yields at order κ2n
O (κ2n) : {Hδs,K(n−1)A }PB + {Hs,K(n)A }PB = 0 . (3.2)
Assuming that we have solved (3.2) to O (κ2(n−1)), the order O (κ2n) yields a partial differential
equation for K
(n)
A with inhomogeneity {Hδs,K(n−1)A }PB.
As piφ is already an integral of motion, we have
K3 = Js,3 = Jh,3 = −piφ , (3.3)
i.e., set K
(n≥1)
3 = 0, and we are left with finding K1 and K2. At first order in κ2 this reads
{Hδs, Js,A=1,2}PB + {Hs,K(1)A=1,2}PB = 0 . (3.4)
From (2.11) we see that Js,A=1,2 has only cos(φ)- and sin(φ)-terms. Let us also expand K
(1)
A=1,2 in
cos(lφ)- and sin(lφ)-modes,
K
(1)
A (r, φ, pir, piφ) = K
(1)
A,0(r, pir, piφ) +
∞∑
l=1
cos(lφ)K
(1)
A,cl
(r, pir, piφ) + sin(lφ)K
(1)
A,sl
(r, pir, piφ) . (3.5)
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Due to φ-independence of Hδs and Hs, we observe that cos(lφ) and sin(lφ)-modes for different l
decouple from each other. Especially, the only modes coupling to the inhomogeneity {Hδs, Js,A}PB
are the l = 1 modes, K
(1)
A,c and K
(1)
A,s. But by induction, the same holds to any order, i.e., we can
set all cos(lφ) and sin(lφ)-modes for l > 1 as well as the zero-modes to zero,
K
(n)
A=1,2(r, φ, pir, piφ) = cos(φ)K
(n)
A,c(r, pir, piφ) + sin(φ)K
(n)
A,s(r, pir, piφ) . (3.6)
Next, we note that Hs as well as Hδs have homogeneous power in momenta, they are both
quadratic in {pir, piφ}. For {Hs,K(1)A=1,2}PB to cancel {Hδs, Js,A}PB, it follows that K(1)A=1,2 has to
have the same powers in momenta as Js,A. Especially, as Js,A is linear in momenta (2.11) so is
K
(1)
A=1,2. But by induction, the same has to hold for all K
(n)
A=1,2, giving
K
(n)
A=1,2(r, φ, pir, piφ) = piφ
(
cos(φ)f
(n)
A,c
(
r,
pir
piφ
)
+ sin(φ)f
(n)
A,s
(
r,
pir
piφ
))
, (3.7)
with the functions f
(n)
A,s
(
r, pirpiφ
)
of power zero in momenta. By resumming, our ansatz becomes
KA=1,2(r, φ, pir, piφ) = piφ
(
cos(φ)fA,c
(
r,
pir
piφ
)
+ sin(φ)fA,s
(
r,
pir
piφ
))
, (3.8)
where now the dependence on the deformation parameter κ is implicit and, formally, we do not rely
on KA=1,2 having power series expansion in κ2 (3.1) anymore.
Let us introduce the following new variables of zero power in momenta,
p = r
√
1− r2 pir
piφ
, k =
√√√√2H − pi2φ
pi2φ
=
√
1− r2
√
(1 + κ2r2)
pi2r
pi2φ
+
1
r2
, (3.9)
with the inverse transformation given by
r =
√
1 + p2
1 + k2 − κ2p2 ,
pir
piφ
=
(1 + k2 − κ2p2)p√
1 + p2
√
k2 − (1 + κ2)p2 . (3.10)
Note in particular that by r ∈ [0, 1] we have the inequality
k2 = (1− r2)
(
(1 + κ2r2)
pi2r
pi2φ
+
1
r2
)
> (1− r2)(1 + κ2)r2 pi
2
r
pi2φ
= (1 + κ2)p2 , (3.11)
also implying 1 + k2 > κ2p2. In terms of k and p the ansatz becomes
KA=1,2(r, φ, pir, piφ) = piφ
(
cos(φ)fA,c (k, p) + sin(φ)fA,s (k, p)
)
. (3.12)
The advantage of the variable k defined in (3.9) is that it manifestly is an integral of motion,
{H, k}PB = 0. Hence, after mode expansion in φ, the defining equation {H,KA=1,2}PB = 0 yields
only a coupled system of ordinary differential equations in p instead of partial differential equations
in the variable r and pir/piφ. Indeed, evaluating {H,KA=1,2}PB = 0 with (3.12) we find
fA,c(k, p) = Cβ(k, p)
∂fA,s(k, p)
∂p
, −fA,s(k, p) = Cβ(k, p) ∂fA,c(k, p)
∂p
, (3.13)
Cβ(k, p) =
(1 + p2)
√
k2 − (1 + κ2)p2√
1 + k2 − κ2p2 , (3.14)
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with Cβ > 0 due to (3.11).
To solve (3.13) we use the method of characteristics. That is, we want to find another variable
β(k, p), such that
∂β
∂p
= Cβ(k, p)
−1 . (3.15)
Plugging in (3.14), this corresponds to an elliptic integral with the solution given by
β(k, p) =
1 + k2 + κ2√
1 + κ2
√
1 + k2
Π
(
n; Φ
∣∣m)− κ2√
1 + κ2
√
1 + k2
F
(
Φ
∣∣m)+ gβ(k) . (3.16)
Here, F
(
Φ
∣∣m) and Π (n; Φ∣∣m) are incomplete elliptic integrals of the first and third kind, respec-
tively, having the argument Φ, modulus squared m, and characteristic n,
Φ = arcsin
(√
1 + κ2
k2
p
)
, m =
κ2k2
(1 + κ2)(1 + k2)
, n =
−k2
1 + κ2
. (3.17)
The function gβ(k) corresponds to the homogeneous solution of (3.15) and is, at this point, still
undetermined.
Having found the variable β(k, p) fulfilling (3.15) the ODE’s (3.13) become8
fA,c(k, β) = ∂βfA,s(k, β) , −fA,s(k, β) = ∂βfA,c(k, β) , (3.18)
which are just wave equations having the solutions
fA,c(k, β) = gA,c(k) cos(β) + gA,s(k) sin(β) , (3.19)
fA,s(k, β) = gA,c(k) sin(β)− gA,s(k) cos(β) . (3.20)
We now set
g1,s(k) = g2,c(k) = 0 , g(k) ≡ g1,c(k) = −g2,s(k) =
√
k2 + h(κ)
1− h(κ) , (3.21)
for a yet to be determined function h(κ) only depending on κ.9 This gives us
K1 = piφ g(k) (cosφ cosβ + sinφ sinβ) = piφ g(k) cos(φ− β) ,
K2 = piφ g(k) (sinφ cosβ − cosφ sinβ) = piφ g(k) sin(φ− β) .
(3.22)
3.2 Undeformed limit to S2
With this, let us check the undeformed limit κ → 0. The goal to reproduce (3.1), KA
∣∣
κ=0 = Js,A,
now fixes the function h(κ) in this limit. In particular, requiring
h(κ)
∣∣
κ=0 = 0 , (3.23)
8In an abuse of notation we identify f(k, β(k, p)) with f(k, β).
9From (3.43) on we set h(κ) = 0 .
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from (3.21) and (3.9) we have
g(k)
∣∣
κ=0 = k
∣∣
κ=0 =
√
1− r2
r
√
r2pi2r
pi2φ
+ 1 =
√
J2s,1 + J
2
s,2
J2s,3
≡ js . (3.24)
For β(k, p), let us assume for now that gβ(k
2)
∣∣
κ=0 = 0, where a discussion is postponed to (4.47).
Then, due to m|κ=0 = 0 and F(Φ|0) = Φ, for β(k, p) we get
β(k, p)|κ=0 =
√
1 + j2s Π
(
n; Φ
∣∣0)∣∣∣
κ=0
= arctan
(√
1 + k2
k2 − p2 p
)∣∣∣∣
κ=0
= arctan
(
r pir
piφ
)
, (3.25)
hence
piφk sin(β)|κ=0 =
√
1− r2
r
rpir , piφk cos(β)|κ=0 =
√
1− r2
r
piφ . (3.26)
Therefore, in addition to K3 = Js,3 (3.3), as intended (2.11) we have
K1|κ=0 =
√
1− r2
r
(
piφ cosφ+ rpir sinφ
)
= Js,1 ,
K2|κ=0 =
√
1− r2
r
(
piφ sinφ− rpir cosφ
)
= Js,2 .
(3.27)
3.3 Poisson algebra
Next, we would like to calculate the Poisson bracket algebra of KA=1,2,3. But before doing so, recall
that for the η-deformed AdS5 × S5 sigma model, the original global superisometries psu(2, 2|4) get
replaced by a classical analog of the quantum group Uq
(
psu(2, 2|4)) [7], where q = exp( κ√
1+κ2T
)
is the real quantum group parameter. Hence, it is reasonable to expect some truncation of this
to happen in our system, viz., that the so(3) symmetry (2.12) is replaced by the quantum group
Uq
(
so(3)
)
and that KA fulfill the corresponding q-Poisson-Serre relations. With this expectation let
us come back to the calculation.
By {K3, ·}PB = {−piφ, ·}PB = −∂φ · and ∂φk = ∂φp = ∂φβ = 0 we immediately have
{K3,K1}PB = piφ g(k) sin(φ− β) = K2 ,
{K3,K2}PB = −piφ g(k) cos(φ− β) = −K1 .
(3.28)
Due to {φ, k}PB 6= 0 and {φ, p}PB 6= 0, calculation of {K1,K2}PB seems much more difficult.
Luckily, we can omit explicit calculation by noting that
K1
2 +K2
2
K32
= g(k)2
(
cos2(φ− β) + sin2(φ− β)
)
= g(k)2 =
k2 + h(κ)
1− h(κ) . (3.29)
Defining ~K = (K1,K2,K3), we then calculate the so(3) scalar
1
2
~K2 =
1
2
KAδ
ABKB =
pi2φ
2
(
1 + k2
1− h(κ)
)
=
H
1− h(κ) , (3.30)
where we used the explicit expression for k (3.9). Hence, up to the scaling factor 1 − h(κ), the
Hamiltonian H is nothing but the quadratic so(3) Casimir, which fits together with the fact that
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the KA are integrals of motion, {H,KA}PB = 0, and which resembles the undeformed limit (2.12).
But by the above we have
0 = {K1, H}PB ∝ K2{K1,K2}PB +K3{K1,K3}PB = K2
({K1,K2}PB −K3) , (3.31)
where in the last step we plugged in (3.28), hence
{K1,K2}PB = K3 . (3.32)
Combining (3.32) with (3.28) we conclude that
{KA,KB}PB = ABCδCDKD . (3.33)
That is, at arbitrary κ and for arbitrary h(κ) the new integrals of motion KA form the standard
so(3) algebra. In particular, they do not fulfill some quantum deformed Poisson-Serre relations.
Similarly, the KA do not seem to grant access to the Hopf-algebra structure of what should be a
quantum deformed isometry algebra Uq
(
so(3)
)
.
But maybe one should not hope to witness such structure for the geodesic problem. After all, the
Uq
(
psu(2, 2|4)) quantum algebra charges are a feature of the sigma model [7], with their derivation
relying on non-trivial behavior along the spatial world-sheet direction.
Then again, we should point out that the choice of the homogeneous solutions (3.21) is tailored
to give an so(3) algebra for the KA. A different choice might allow to reproduce q-Poisson-Serre
relations, but just this as a guiding principle seems insufficiently motivated for geodesic motion.
3.4 Infinitely deformed limit to H2
With such an immediate connection between the algebras of the KA and the one of the S
2 isometries
Js,A (2.12), one has to wonder how the H
2 isometries Jh,A, which ought to correspond to the κ →∞
limit of the KA, can form an so(1, 2) algebra (2.17) instead. To reveal the relation, we employ once
more the canonical rescaling (2.13), r = κ−1v and pir = κ piv, yielding for p and k (3.9),
p = v
√
1− κ−2v2 piv
piφ
, k = κ
√
1− κ−2v2
piφ
√
(1 + v2)pi2v +
piφ
v
. (3.34)
Hence, for κ →∞ the modulus squared m = κ2k2
(1+κ2)(1+k2) (3.17) approaches m = 1. Expanding
the elliptic integrals in β(k, p) at this point,
Π(n; Φ|m) =
√
n
2(n− 1) log
(
1 +
√
n sin(Φ)
1−√n sin(Φ)
)
− log
(
sec(Φ) + tan(Φ)
)
n− 1 +O(m− 1) , (3.35)
F(Φ|m) = arctan ( sin(Φ))+O(m− 1) (3.36)
and assuming gβ(k)
∣∣
κ→∞ = 0, for β(k, p) we find
β(k, p)
∣∣
x→∞ =
−i
2
log
(
piφ + i vpiv
piφ − i vpiv
)
= arctan
(
vpiv
piφ
)
. (3.37)
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The goal to obtain the so(1, 2) algebra (2.17) now fixes the behaviour of h(κ) in this limit. In
particular, demanding
h(κ)
∣∣
κ→∞ = κ
2 (3.38)
in analogy to (3.24) we have
g(k)
∣∣
κ→∞ = i
√
1 +
k2
κ2
∣∣∣∣
κ→∞
= i
√
1 + v2
v
√
v2pi2v
pi2φ
+ 1 = i
√√√√J2h,1 + J2h,2
J2h,3
≡ ijh , (3.39)
By this we have
piφg(k) sin(β)|κ→∞ = i
√
1 + v2
v
vpiv , piφg(k) cos(β)|κ→∞ = i
√
1 + v2
v
piφ (3.40)
and therefore, apart from K3 = Jh,3 (3.3),
K1
∣∣
κ→∞ = i
√
1 + v2
v
(
piφ cos(φ) + vpiv sin(φ)
)
= iJh,1 ,
K2
∣∣
κ→∞ = i
√
1 + v2
v
(
piφ sin(φ)− vpiv cos(φ)
)
= iJh,2 .
(3.41)
From this it is apparent that ~K|κ→∞ = (iJh,1, iJh,2, Jh,3) fulfilling the so(3) algebra (3.33) is equiva-
lent to ~Jh = (Jh,1, Jh,2, Jh,3) fulfilling the so(1, 2) algebra (2.17). But with KA taking complex values,
it seems more appropriate to perceive (3.33) as a complex Lie algebra. That is, the KA fulfill the
complex sl(2) algebra with the limits (2.12) and (2.17) constituting particular reality conditions.
A simple choice for h(κ) satisfying the limits (3.23) and (3.38) is given by
h(κ) = aκ + κ2 . (3.42)
Here, inclusion of the linear term in κ with arbitrary constant a exhibits that there is no particular
value of κ, where (1 − h(κ))−1 in (3.21) and (3.30) diverges, respectively, where K1,2 switch from
real to imaginary.
Furthermore, we note that (3.30) suggests that the quadratic Casimir 12
~K is the appropriate
Hamiltonian for geodesic motion. Especially, taking the scaling behaviour (3.38) seriously, for 12
~K
in the κ →∞ limit there is no need to absorb a prefactor of κ2 into the string tension T anymore,
as promoted beneath (2.14).
Nevertheless, to simplify the following calculations, let us relax the requirement for KA to limit
to ~K|κ→∞ = (iJh,1, iJh,2, Jh,3). In particular, for the rest of this work let us set
h(κ) = 0 , (3.43)
which still ensures the undeformed limit (3.1), ~K|κ=0 = ~Js, and keeps the KA real. Accordingly,
for g(k) and for the Casimir this yields√
K12 +K22
K32
= g(k) = k ,
1
2
~K2 =
pi2φ
2
(1 + k2) = H , (3.44)
which resembles the limiting cases (3.24) and (3.39) and therefore elucidates our notation.
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3.5 Infinitely deformed limit to (S2)m
From the integrals of motion KA on the FS we can now generate integrals of motion for geodesic
motion on (S2)m, the mirror geometry of the two-sphere, described by the Hamiltonian (2.19),
Hm =
1+w2
2 (pi
2
w + pi
2
ϕ). For this we employ the canonical maps (2.7) and (2.18) and then take the
κ →∞ limit. Setting pm ≡ κ p(w, piw, piϕ)
∣∣
κ→∞ and km ≡ k(w, piw, piϕ)
∣∣
κ→∞ this yields
pm = −
√
1 + w−2
w piw
piϕ
, km =
w
piϕ
√
(1 + w−2)pi2w + pi2ϕ . (3.45)
As K1,2 (3.22) depend on the angle φ − β whilst φ is subject to the canonical rescaling (2.18),
φ = κ−1ϕ, in the limit to (S2)m we also need β(w, piw, piϕ)
∣∣
κ→∞ = O(κ−1). This is indeed the case
due to the scaling of the characteristic (3.17), n(w, piw, piϕ)
∣∣
κ→∞ = O(κ−1), and we find
βm ≡ κ β(w, piw, piϕ)
∣∣
κ→∞ =
√
1 + km E
(
arcsin
(
pm√
k2m
)
,
km
1 + k2m
)
=−
√
(1 + w2)
pi2w + pi
2
ϕ
pi2ϕ
E
arcsin
 w piw/piϕ√
w4
1+w2
+ w
2 pi2w
pi2ϕ
 , pi2w + w
2
1+w2
pi2ϕ
pi2w + pi
2
ϕ
 .
(3.46)
Applying the limit directly to the FS integrals of motion, KA(w, piw, piϕ)
∣∣
κ→∞, one gets
K1 → κ piϕ km , K2 → piϕ km(ϕ− βm) , K3 → κ piϕ . (3.47)
Although 12
~K2 → κ2Hm, this limit appears to be inconsistent as the so(3) algebra (3.33) is spoiled.
Therefore, in analogy to the form of the KA let us instead define
Jm,1 ≡ piϕ km cos(ϕ− βm) , Jm,2 ≡ piϕ km sin(ϕ− βm) , Jm,3 ≡ −piϕ . (3.48)
One can directly check that {Hm, Jm,A}PB = 0. Furthermore, due to their resemblance to the KA
the arguments leading to (3.33) still apply, in particular 12
~J 2m =
1
2Jm,Aδ
ABJm,B = Hm and the Jm,A
form an so(3) algebra.
4 New canonical coordinates
The fact that the new integrals of motion KA form an undeformed so(3) algebra suggests that the
geodesic motion on (half) the FS might be connected to geodesic motion on (half) the two sphere S2
via a highly non-trivial canonical transformation, i.e., that there exist new phase space variables10
{r˜, φ˜, p˜ir, p˜iφ} such that expressed in these H becomes
H =
1− r˜2
2
p˜i2r +
p˜i2φ
2r˜2
with 0 ≤ r˜ ≤ 1 . (4.1)
When expressed in these phase space coordinates the integrals of motion KA have to take the form
of (2.11) under the substitution {r, φ, pir, piφ} 7→ {r˜, φ˜, p˜ir, p˜iφ}. In the following we construct the
new canonical coordinates {r˜, φ˜, p˜ir, p˜iφ} by brute force.
10Here, p˜ir = pir˜ and p˜iφ = piφ˜ are the momenta conjugate to r˜ and φ˜, respectively.
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4.1 Deriving p˜iφ, r˜, and p˜ir
First of all, by (3.3) we take
p˜iφ = −K3 = piφ . (4.2)
Note that generally this does not imply φ˜ = φ . However, from the fact that the undeformed limit
of the FS is the two sphere S2, H|κ=0 = Hs, we know that
r˜ = r +O(κ2) , p˜ir = pir +O(κ2) , φ˜ = φ+O(κ2) . (4.3)
By repeating the arguments in the previous section, the new coordinates r˜ and φ˜ ought to have zero
power, while p˜ir is linear in old momenta pir and piφ. Using again the coordinates k and p (3.9) this
yields
r˜ = r˜(k, p, φ) , φ˜ = φ˜(k, p, φ) , p˜ir = piφ$r(k, p, φ) . (4.4)
Imposing now {p˜iφ, r˜}PB = {p˜iφ, p˜ir}PB = 0 tells us that r˜ and p˜ir do not depend on φ,
r˜ = r˜(k, p) , p˜ir = piφ$r(k, p) . (4.5)
Next, we can compare (3.44) with (4.1),
2H = pi2φ
(
1 + k2
) !
= (1− r˜2)p˜i2r +
pi2φ
r˜2
(4.6)
and solve for p˜ir,
p˜ir(k, p) =
±$piφ
r˜(k, p)
√
(1 + k2)r˜(k, p)2 − 1
1− r˜(k, p)2 , (4.7)
where we assumed r˜(k, p) ∈ [0, 1] and the sign ±$ is to be determined. This agrees with (4.5).
Demanding r˜ and p˜ir to be canonically conjugate, {p˜ir, r˜}PB = 1, then results in
Cα(k, p) ∂pr˜(k, p) = ±$
√
1− r˜(k, p)2√
1 + k2 r˜(k, p)
√(
1 + k2
)
r˜(k, p)2 − 1 , (4.8)
Cα =
√
1 + k2 − κ2p2√k2 − (1 + κ2)p2√
1 + k2
. (4.9)
Especially, (4.8) is only an ordinary differential equation due to the use of the variable k (3.9). To
solve (4.8), we again use the method of characteristics. In particular, similarly to (3.15), we are
looking for a new variable α(k, p), such that
∂α
∂p
= Cα(k, p)
−1 . (4.10)
Similarly to (3.15), this is an elliptic integral with the solution
α(k, p) =
1√
1 + κ2
F
(
Φ
∣∣m)+ gα(k) , (4.11)
with the argument Φ and modulus squared m of the elliptic integral of the first kind given in (3.17),
Φ = arcsin
(√
1 + κ2
k2
p
)
, m =
κ2k2
(1 + κ2)(1 + k2)
. (4.12)
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To gain a better appreciation for the new variable α(k, p), we note that
{k2, α}PB = 2
√
1 + k2
piφ
, sgn(piφ)
{
| ~K|, α
}
PB
= piφ
{√
1 + k2, α
}
PB
= 1 , (4.13)
i.e., α is the angle conjugate to sgn(piφ)| ~K| on the Liouville torus defined by | ~K| and piφ.
Having this new variable α(k, p), as anticipated the ODE for r˜(k, α) reads11
±$ ∂αr˜(k, α) =
√
1− r˜(k, α)2
r˜(k, α)
√
r˜(k, α)2 − 1
1 + k2
, (4.14)
with the general solution
r˜(k, α) =
1
4
√
1 + k2
√
e2i(±$α+gr˜(k)) + 16 k4e−2i(±$α+gr˜(k)) + 8(2 + k2) . (4.15)
The homogeneous solutions gα(k) in (4.11) and gr˜(k) in (4.15) just add up. We are therefore free
to fix gr˜(k) arbitrarily without affecting the corresponding freedom. Especially, choosing
gr˜(k) =
−i
4
ln(16 k4) (4.16)
we get
r˜(k, α) =
√
1 + k2 cos2 (α)
1 + k2
. (4.17)
Note that the solution (4.17) fulfills 0 ≤ r˜(k, α) ≤ 1, as anticipated. A more thorough discussion
of the values taken by r˜(k, α) is postponed to Subsection 5.3.
Let us now test the solution for r˜(k, α). By plugging in (4.17) the ODE (4.14) turns out to be
proportional to √
sin2(2α) +
(±$ sin(2α)) != 0 , (4.18)
which is fulfilled for
±$ = − , α ∈ [0, pi/2] + s pi ,
or ±$ = + , α ∈ [−pi/2, 0] + s pi ,
(4.19)
with s ∈ Z. From (4.11) it is clear that the interval of α can be shifted arbitrarily by a constant
contribution in gα(k), such that both choices are equivalent. Especially, to fix notation, let us take
the first choice of (4.19) with s = 0,
±$ != − and α
!∈ [0, pi/2] , (4.20)
where we postpone further discussion to Subsection 5.3.
Plugging in (4.17) into (4.7) we then get
p˜ir(k, α) = piφ$r(k, α) = −piφ (1 + k
2) cot (α)√
1 + k2 cos2 (α)
, (4.21)
where we used
√
cot2 α = cotα for α ∈ [0, pi/2]. With this we have
r˜2 =
1 + k2 cos2 (α)
1 + k2
, r˜ p˜ir = −piφ
√
1 + k2 cot(α) , (4.22)
and using (4.13) we can check that r˜ and p˜ir are indeed canonical,
{p˜ir, r˜}PB = 1
2 r˜2
{r˜ p˜ir, r˜2}PB = 1
2 r˜2
{k2, α}PB
(
∂(r˜ p˜ir)
∂k2
∂ r˜2
∂α
− ∂(r˜ p˜ir)
∂α
∂ r˜2
∂k2
)
= 1 . (4.23)
11Again, we abuse notation by identifying r˜(k, α) with r˜(k, α(k, p)), etc.
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4.2 Deriving φ˜
Now, we are left with finding φ˜(φ, k, p) = φ + O(κ2), cf. (4.3) and (4.4), that is we are searching
for a φ˜(φ, k, p) such that
{p˜iφ, φ˜}PB = {piφ, φ˜}PB = 1 , {r˜, φ˜}PB = 0 , {p˜ir, φ˜}PB = 0 . (4.24)
The first equation is easily solved by taking
φ˜(φ, k, p) = φ+ ν(k, p) , (4.25)
which is consistent with φ˜(φ, k, p) = φ+O(κ2) (4.3) for ν(k, p) = O(κ2).
Equivalently to imposing the remaining Poisson brackets, let us consider the symplectic two
form Ω˜ of the new phase space variables. Using already known Poisson brackets one finds that
Ω˜ = dp˜ir ∧ dr˜ + dp˜iφ ∧ dφ˜ = dpir ∧ dr + dpiφ ∧ dφ+ dpiφ ∧
(
Ω˜piφ,rdr + Ω˜piφ,pirdpir
)
, (4.26)
with Ω˜piφ,r =
∂p˜ir
∂piφ
∂r˜
∂r
− ∂p˜ir
∂r
∂r˜
∂piφ
+
∂ν
∂r
, Ω˜piφ,pir =
∂p˜ir
∂piφ
∂r˜
∂pir
− ∂p˜ir
∂pir
∂r˜
∂piφ
+
∂ν
∂pir
. (4.27)
Hence, the transformation is canonical for Ω˜piφ,r = Ω˜piφ,pir = 0. Recalling that
∂r˜
∂piφ
=
∂r˜
(
r, pirpiφ
)
∂piφ
=
−pir
piφ
∂r˜
∂pir
,
∂p˜ir
∂piφ
=
∂piφ$r
(
r, pirpiφ
)
∂piφ
= $r
(
r,
pir
piφ
)
− pir
piφ
∂p˜ir
∂pir
, (4.28)
and using once more {p˜ir, r˜}PB = 1, (4.27) can be recast as
Ω˜piφ,r = $r
∂r˜
∂r
− pir
piφ
+
∂ν
∂r
!
= 0 , Ω˜piφ,pir = $r
∂r˜
∂pir
+
∂ν
∂pir
!
= 0 . (4.29)
As expected, it can easily be shown that (4.29) implies {φ˜, r˜}PB = {φ˜, p˜ir}PB = 0. Furthermore,
from this one can check that
∂Ω˜piφ,r
∂pir
− ∂Ω˜piφ,pir
∂r
=
1
piφ
({p˜ir, r˜}PB − 1) = 0 , (4.30)
which shows that the symplectic two-form Ω˜ (4.26) is closed, dΩ˜ = 0, for any Ω˜piφ,r and Ω˜piφ,pir of
the form (4.29) but even without requiring them to vanish. Still, finding φ˜ by imposing (4.29) seems
difficult, as the terms $r
∂r˜
∂r and $r
∂r˜
∂pir
will be highly complicated.
Luckily, there is yet another way to obtain a candidate for φ˜ : If the Hamiltonian in terms of
new phase space variables describes just the particle on S2, as anticipated in (4.1), in these phase
space coordinates the integrals of motion KA, (3.22) and (4.2), should just take the standard form
of the isometries on S2 (2.11), i.e., they should read
~K = piφ
(√
1− r˜2
r˜
(
cos(φ˜) + sin(φ˜) r˜ $r
)
,
√
1− r˜2
r˜
(
sin(φ˜)− cos(φ˜) r˜ $r
)
,−1
)
. (4.31)
Hence, comparing with (3.22) we find
K2
K1
=
tan φ˜− r˜ $r
1 + r˜$r tan φ˜
= tan(φ− β) (4.32)
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and by using the arctangent addition formula
φ˜ = arctan
(
tan(φ− β) + r˜ $r
1− r˜ $r tan(φ− β)
)
= φ− β + arctan(r˜ $r) . (4.33)
In particular, we see that the ν(k, p) of (4.25) is given by
ν = arctan(r˜ $r)− β . (4.34)
What is left is to check (4.29). Amazingly, perceiving r˜ and $r as functions of k
2 and α, see
(4.17) and (4.21), we find
$r dr˜ + d (arctan(r˜ $r)) = $r dr˜ +
d (r˜ $r)
1 + (r˜ $r)2
=
√
1 + k2 dα , (4.35)
and the conditions (4.29) become
Ω˜piφ,r =
√
1 + k2
∂α
∂r
− pir
piφ
− ∂β
∂r
!
= 0 , Ω˜piφ,pir =
√
1 + k2
∂α
∂pir
− ∂β
∂pir
!
= 0 . (4.36)
Perceiving now r and pir as functions of k
2, p, and piφ we have
Ω˜piφ,rdr + Ω˜piφ,pirdpir = Ω˜piφ,k2dk
2 + Ω˜piφ,pdp+ Ω˜piφ,piφdpiφ (4.37)
with
Ω˜piφ,k2 =
√
1 + k2
∂α
∂k2
− pir
piφ
∂r(k2, p)
∂k2
− ∂β
∂k2
!
= 0 ,
Ω˜piφ,p =
√
1 + k2
∂α
∂p
− pir
piφ
∂r(k2, p)
∂p
− ∂β
∂p
!
= 0 ,
(4.38)
and we ignore the Ω˜piφ,piφ term, as it does not contribute in the symplectic two form, dpiφ∧dpiφ = 0.
From (3.15) and (4.10) we have ∂pβ(k
2, p) = Cβ(k
2, p)−1 and ∂pα(k2, p) = Cα(k2, p)−1. At the
same time, by straight forward calculation we have
pir
piφ
∂r(k2, p)
∂p
=
√
1 + k2
Cα
− 1
Cβ
, (4.39)
and therefore
Ω˜piφ,p =
√
1 + k2
Cα
−
(√
1 + k2
Cα
− 1
Cβ
)
− 1
Cβ
= 0 . (4.40)
Hence, we are left with showing that Ω˜piφ,k2 = 0, for which we have to calculate ∂k2α and ∂k2β.
Differentiating (3.16) and (4.11) we obtain
∂β(k2, p)
∂k2
=
√
1 + k2
√
1 + κ2
2 k2(1 + k2 + κ2)
E (Φ,m)− F (Φ,m)
2 k2
√
1 + k2
√
1 + κ2
− (1 + κ
2)(1 + p2)p
2 k2(1 + k2 + κ2)Cβ
+
∂gβ(k)
∂k2
,
(4.41)
∂α(k2, p)
∂k2
=
√
1 + κ2
2 k2(1 + k2 + κ2)
E (Φ,m)− F (Φ,m)
2 k2(1 + k2)
√
1 + κ2
− p
2(1 + k2)Cα
− (1 + κ
2)(1 + p2)p
2
√
1 + k2k2(1 + k2 + κ2)Cβ
+
∂gα(k)
∂k2
,
(4.42)
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hence √
1 + k2
∂α(k, p)
∂k2
− ∂β(k, p)
∂k2
=
−p
2
√
1 + k2Cα
+
√
1 + k2
∂gα(k)
∂k2
− ∂gβ(k)
∂k2
. (4.43)
At the same time, we have
pir
piφ
∂r(k2, p)
∂k2
=
−p
2
√
1 + k2Cα
(4.44)
and therefore
Ω˜piφ,k2 =
−p
2
√
1 + k2Cα
+
√
1 + k2
∂gα(k
2)
∂k2
−
( −p
2
√
1 + k2Cα
)
− ∂gβ(k
2)
∂k2
, (4.45)
which vanishes for
∂gβ(k
2)
∂k2
=
√
1 + k2
∂gα(k
2)
∂k2
. (4.46)
This shows, that under the condition (4.46) the new phase space coordinates are indeed canonical.
For the following discussion, let us therefore set
gβ(k
2)
!
= gα(k
2)
!
= 0 , (4.47)
justifying the assumption gβ(k
2)
∣∣
κ=0 = gβ(k
2)
∣∣
κ→∞ = 0 in (3.25) and (3.37).
5 Inverse transform and geodesics
Having found the new canonical coordinates {r˜, φ˜, p˜ir, p˜iφ} as functions of the old ones {r, φ, pir, piφ},
in this section we invert the map. As at least locally the new coordinates r˜ and φ˜ describe a two-
sphere, we then obtain geodesics on the FS by mapping the S2 geodesics back to the FS. Finally,
we comment on the closure of orbits and on the range of the angle variable α.
5.1 Inverse transform
Recall that KA are just the isometries of the sphere defined by the new variables r˜ and φ˜
12 and that,
by (3.29) and (4.13), k and α are well understood and well behaved quantities. Since by definition
p˜iφ = −K3 = piφ (4.2) and since (4.17) and (4.21) establish the map between {r˜, p˜ir} and {k, α}, we
will derive expressions for the old phase space variables {r, φ, pir, piφ} in terms of {α, φ˜, k, piφ}.
Inverting (4.11) for p we get
p(k, α) =
√
k2
1 + κ2
sn
(√
1 + κ2 α|m
)
, (5.1)
m = κ
2k2
(1+κ2)(1+k2) given in (3.17) and sn(
√
1 + κ2 α|m) etc. being Jacobi elliptic functions.
12More precisely, of what would be an S2 if not the range of z˜ =
√
1− r˜2 was too restricted.
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Plugging this into (3.10) we find
r(k, α) =
√
1 + κ2 + k2 sn
(√
1 + κ2 α|m
)2
√
1 + κ2
√
1 + k2 dn
(√
1 + κ2 α|m
) , (5.2)
pir(piφ, k, α) = piφ
(
1 + k2
) dn(√1 + κ2 α|m)2 sc(√1 + κ2 α|m)√
1 + κ2 + k2 sn
(√
1 + κ2 α|m
)2 . (5.3)
Furthermore, inserting (5.1) into the solution for β(k, p) (3.16) we have
β(k, α) =
1 + κ2 + k2√
1 + κ2
√
1 + k2
Π
(
n; am
(√
1 + κ2 α|m
) ∣∣m)− κ2√
1 + k2
α+ gβ(k) , (5.4)
where in (4.47) we set gβ(k) = 0. By φ˜ = φ− β + arctan(r˜$r) (4.33) and r˜$r = −
√
1 + k2 cot(α)
(4.22) we therefore have
φ(φ˜, k, α) = φ˜+
1 + κ2 + k2√
1 + κ2
√
1 + k2
Π
(
n; am
(√
1 + κ2 α|m
) ∣∣m)
− κ
2
√
1 + k2
α+ arctan
(√
1 + k2 cot(α)
)
.
(5.5)
5.2 Generating geodesics on the Fateev sausage
With these expressions at hand, we now can generate geodesics on the FS as follows: In terms of
new phase space variables, the Hamiltonian (4.1) describes the particle on S2 and geodesics are
given by great arcs, i.e., maximal circles. Applying the inverse transform above, we then map these
great arcs to geodesics on the FS.
Therefore, let us start by generating the most general great arcs on S2. In analogy to (2.10), R3
embedding for half an S2 are given by
~˜
X =
(
X˜1, X˜2, X˜3
)
=
(
r˜ cos(φ˜), r˜ sin(φ˜),
√
1− r˜2
)
with 0 ≤ r˜ ≤ 1 . (5.6)
As any great arc passes through the equator, we choose this to happen at world-line time τ = 0,
r˜
∣∣
τ=0
= 1 , X˜3
∣∣
τ=0
= 0 . (5.7)
Next, we use the rotational invariance along the φ˜-direction to set
φ˜
∣∣
τ=0
= 0,
~˜
X
∣∣
τ=0
=
(
1, 0, 0
)
. (5.8)
Hence, there are only two parameters left distinguishing different great arcs: Its angle θ relative to
the equator and its momentum piα along the great arc. A geodesic on the equator having momentum
piα = piφ and fulfilling
~˜
X
∣∣
τ=0
=
(
1, 0, 0
)
is given by
~˜
X =
(
cos(piατ), sin(piατ), 0
)
. (5.9)
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A non-vanishing angle θ relative to the equator is attained by rotation along the X˜1-axis, giving
~˜
X =
(
cos(piα τ), cos(θ) sin(piα τ), sin(θ) sin(piα τ)
)
, (5.10)
where θ ∈ [−pi/2, pi/2] to omit double counting of geodesics.
We can calculate the corresponding angular momenta KA according to (4.31), and find
~K =
(
K1,K2,K3) =
(
0, piα sin(θ),−piα cos(θ)
)
, (5.11)
hence
θ = arctan(−K2/K3) = arctan(k) , piα = piφ
√
1 + k2 = sgn(piφ)| ~K| , (5.12)
where we used K3 = −piφ and θ ∈ [−pi/2, pi/2]. Therefore, apart from the conditions (5.7) and (5.8),
geodesics on S2 are completely determined by piα = piφ
√
1 + k2 and k,
~˜
X =
(
cos
(
piα τ
)
,
1√
1 + k2
sin
(
piα τ
)
,
k√
1 + k2
sin
(
piα τ
))
. (5.13)
Calculating r˜ =
√
1− (X˜3)2 and its conjugate momentum p˜ir = 11−r˜2∂τ r˜ we have
r˜ =
√
1− k
2 sin2
(
piα τ
)
1 + k2
=
√
1 + k2 cos2
(
piα τ
)
1 + k2
, (5.14)
p˜ir = −piα
√
1 + k2
1 + k2 cos2(piα τ)
cot(piα τ) =
−piφ(1 + k2) cot(piα τ)√
1 + k2 cos2(piα τ)
, (5.15)
and by comparison with (4.17) and (4.21) we see that
α = piα τ . (5.16)
Indeed, this fits together with the observation in (4.13) that piα = piφ
√
1 + k2 is the momentum
canonically conjugate to α, which justifies our notation and at the same time proves that (5.13)
is a geodesic on S2. Furthermore, we see that k and α = piατ , together with piφ and φ˜, are much
more convenient variables to describe geodesics than r˜ and p˜ir, justifying the form of the inverse
transformations (5.1) to (5.5).
Finally, on the great arc we find for φ˜
φ˜ = arccot
(
X˜1/X˜2
)
= arccot
(√
1 + k2 cot(piα τ)
)
=
pi
2
+ arctan(r˜$r) , (5.17)
where we used (4.22). Therefore, on the great arc (5.5) simplifies to
φ(k, α) =
1 + κ2 + k2√
1 + κ2
√
1 + k2
Π
(
n; am
(√
1 + κ2 α|m
) ∣∣m)− κ2√
1 + k2
α+
pi
2
. (5.18)
We have now everything to generate geodesics on the FS and corresponding plots (for embedding
coordinates (2.24)) are shown in Figure 2. There, great arcs on half the S2 defined by the new
coordinates r˜ and φ˜ (upper left) for α = piατ ∈ [0, pi] and k = 14 (blue), k = 1 (green), and k = 4
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Figure 2: Geodesics for α ∈ [0, pi] and k = 1/4 (blue), k = 1 (green), and k = 4 (red) on the S2 defined by
r˜ and φ˜ (u.l.), and on the FS defined by r and φ for κ = 1 (u.r.), κ = 1.5 (l.l.), and κ = 3 (l.r.).
(red) are mapped to half the FS defined by the original coordinates r and φ for the deformation
parameter taking values κ = 1 (upper right), κ = 1.5 (lower left), and κ = 3 (lower right).
We observe that the starting point
~˜
X
∣∣
τ=0
=
(
1, 0, 0
)
on the S2 is mapped to different points on
the meridian formed by the intersection of the FS with the X2-X3-plane, depicted as thick black
line. This is a manifestation of the coordinates r and φ containing information on the momenta, in
particular on k.
5.3 Closure of orbits and range of the transformation
In Figure 2, we notice moreover that the generated geodesics on half the FS are reflected at the
boundary r = 1. But of course, this is an artifact of our parametrization covering only half the FS
and we can use this feature to recover geodesics on the whole FS.
For this, recall that r(k, α) (5.2) depends on the angle variable α along the geodesic via Jacobi
elliptic functions, in particular sn(
√
1 + κ2 α,m) and dn(
√
1 + κ2 α,m). As the modulus squared
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m (3.17) is bound by zero and one,
0 ≤ m = κ
2k2
(1 + κ2)(1 + k2)
≤ 1 , (5.19)
these Jacobi elliptic functions are periodic and undergo a full cycle for a shift in the angle variable
α along the geodesic by
∆α(k) =
4√
1 + κ2
K(m) =
4√
1 + κ2
K
(
κ2k2
(1 + κ2)(1 + k2)
)
. (5.20)
As the geodesics start on a meridian, see Figure 2, by reflection symmetry we conclude that the
geodesics hit the boundary at the values
αs(k) =
2s+ 1
4
∆α(k) =
2s+ 1√
1 + κ2
K
(
κ2k2
(1 + κ2)(1 + k2)
)
, s ∈ Z . (5.21)
We therefore obtain geodesics on the full FS by alternating at these αs(k) between an upper and
a lower half FS, i.e., effectively by alternating the sign of the X3 component of the embedding
coordinates (2.24).
Figure 3: Full geodesics for k = 1/4 (blue), k = 1 (green), and k = 4 (red) for α ∈ [0,∆α(k)] on the S2
defined by r˜ and φ˜ (left), and on the FS defined by r and φ for κ = 2 (right).
An example is shown in Figure 3. There, geodesics with k = 1/4 (blue), k = 1 (green), and
k = 4 (red) are mapped from the sphere of new coordinates (left) to the FS for κ = 2 (right). Each
geodesic is traced out for α ∈ [0,∆α(k)], where α ∈ [α1(k), α2(k)] = [∆α(k)4 , 3∆α(k)4 ] are depicted
dashed, as these are the intervals for which the geodesics lie on the lower FS.
We observe that at the end points the geodesics are again parallel to the equator, showing that
r(α, k) underwent a full cycle. Note however, that the end points lie at different angles φ(α, k).
Correspondingly, although the great arcs on the S2 defined by r˜ and φ˜ close, generally we can
not expect geodesics to close on the FS. We can quantify this suspicion by calculating the difference
in the angle φ(α, k) after one cycle of r(α, k). Plugging (5.20) into (5.18) we find
∆φ(k) = φ(∆α, k)− φ(0, k) = 4(1 + κ
2 + k2)√
1 + κ2
√
1 + k2
Π
(
n;m
)− 4κ2√
1 + κ2
√
1 + k2
K
(
m
)
. (5.22)
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Hence, for fixed deformation parameter κ an orbit of inclination θ = arctan(k) closes for ∆φ(k) being
a rational multiple of 2pi. As (for κ 6= 0) ∆φ(k) appears to be a smooth, non-constant function
of k ∈ R+, this is the case for almost no geodesic in the sense of Q having Lebesgue measure
zero. Put differently, the motion on the FS is generally not periodic but only quasi-periodic as the
frequency 1/∆α(k) is incommensurable with 1/2pi, the frequency of φ. In accordance, the canonical
transformation of Section 4 does not map geodesics on the FS (S2)η to a two-sphere S
2, but rather
to its covering space, with the angle variable α decompactified.
Finally, with the above discussion at hand we can attack an open end in Section 4. At several
occasions in the derivation of the new canonical coordinates we assumed α ∈ [0, pi/2] (4.20), while
when applying the inverse transform to obtain geodesics on the FS we did not run into any problems
for arbitrary α. To understand this mismatch, we calculate the range of α(k, p) (4.11) for all possible
values of old phase space variables, that is, for all k and p. As for 0 ≤ m ≤ 1 (5.19) the elliptic
integral F(Φ|m) in (4.11) is monotonically increasing, α(k, p) takes its maximal and minimal values
for p satisfying the inequality (3.11), p → ±√k2/(1 + κ2), giving α(k,±∞) = ±∆α4 = ±α1(k).
Hence, by (5.21) this corresponds to points on the boundary of half a FS, r = 1. The extremal
values of α(k,±∞) are then reached by taking k →∞, yielding
α±(κ) = ±α1(k)
∣∣∣
k→∞
=
±1√
1 + κ2
K
(
κ2
1 + κ2
)
, (5.23)
with the corresponding plot of α+(κ) over log10(κ) given in Figure 4.
Figure 4: Maximal value α+(κ) of α(k, p) as a function of log10(κ).
We read off that α(k, p) occupies the interval [α−(κ), α+(κ)] ⊂ [−pi/2, pi/2]. Especially, the
interval [α−(κ), α+(κ)] is almost [−pi/2, pi/2] for small κ, while for κ large it diminishes quickly.
To bring this into agreement with (4.20), we note that we could have allowed for α ∈ [−pi/2, pi/2]
by instead of (5.24) taking p˜ir(k, α) 7→ sign(α)p˜ir(k, α) ,
p˜ir(k, α) = −piφ (1 + k
2)
√
cot2(α)√
1 + k2 cos2 (α)
. (5.24)
The interpretation of the above behaviour is simply that α(k, p) (4.11) is multi-valued as a
function of old phase space variables, whereas the inverse transform, in particular p(k, α) (5.1), is
single valued, which allowed us to generate geodesics on the FS easily for arbitrary α. Of course,
these are just the properties of the elliptic integrals and their inverse, the Jacobi elliptic functions.
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6 Outlook
In this paper we have demonstrated the maximal superintegrability of geodesic motion in the
FS model, i.e., on (S2)η, which is also a particular reduction of the integrable sigma model on
(AdS5 × S5)η. The corresponding dynamics is governed by the Hamiltonian of the two-dimensional
η-deformed Rosochatius system for which we exhibited three non-abelian integrals of motion KA,
yielding corresponding integrals of motion Jm,A for the mirror geometry of S
2 [16] as a by-product.
We have also found a canonical transformation which maps geodesics on the auxiliary two-sphere to
the ones on the FS manifold. In spirit, our method seems to be related to the mapping of geodesics
to an auxiliary sphere developed for the spheroid by the likes of Legendre, Oriani, and Bessel [28].
The connection is though disguised by the use of different languages, Hamiltonian mechanics in our
case versus differential geometry for [28].
We pointed out that our method applies to arbitrary two-dimensional surfaces of revolution,
as is the case for [28], and it is intriguing to investigate other cases of interest. In particular, it
would be worthwhile to see whether our formulas still apply for the case of the complex deformation
parameter κ, see (2.4), where the FS manifold indeed looks like a sausage rather than a squashed
sphere as we have in our present case.
Another pressing question is the geodesic problem on (AdS2)η, which exhibits a naked singularity.
Special cases for geodesics have been studied previously in [23] and in the unpublished work by S.
Frolov and R. Roiban. Due to the similarity of (AdS2)η and (S
2)η it is tempting to hope that the
general solution for geodesics on (AdS2)η can be obtained by minor modifications of the presented
formulae. The corresponding integrals for the mirror geometry of AdS2 [16] could then again be
found by taking appropriate limits.
Certainly, the program pursued in this work has the final goal of understanding point particle
solutions in the η-deformed AdS5 × S5 sigma model. Since in the absence of fermions the sigma
model on (AdS5 × S5)η factorizes into the product of the (AdS5)η and (S5)η models it would be
interesting to investigate the question whether the five-dimensional η-deformed Rosochatius model,
which describes geodesics on (S5)η, also has a chance to exhibit maximal superintegrability. We
expect however, that the answer for this bosonic five-dimensional model is obscured by the fact,
that the additional integral of motion Q found in [20, 21] is not an isometry anymore. It might be
therefore advisable to first disentangle the geodesic problem for the submanifold obtained for zero
momenta along the isometries φ1,2,3.
Another stepping stone would be to investigate geodesic motion on η-deformed S3 and AdS3, with
the former corresponding to the so-called Fateev O(4) model, see [32] and [33]. As in comparison
to the present case of geodesics on (S2)η only one more isometry is added, we are optimistic that
the derived method can be generalized to this setting.
Moreover, one has to wonder if the found superintegrability and canonical transformation for
geodesic motion have interesting implications for other string-like solutions and for η-deformed sigma
25
models in general. In particular, in [34] the η-deformation13 of the Nappi-Witten model was undone
by finding an appropriate coordinates transformation while in [19] unimodular deformations were
removable by a chain of non-commutative TsT-transformations and non-linear field redefinition.14
Although our canonical map from geodesics on (S2)η to geodesics on S
2 could not be constructed
globally, as is eminent from the non-closure of geodesics on the FS manifold, these works spark the
hope that such symplectic methods find application also for the (AdS5 × S5)η sigma model.
Finally, there are two more pressing questions left unanswered. On the one hand, the found
integrals KA only showed to form an so(3) algebra while we were not able to argue for a quantum
deformed isometry algebra corresponding to the quantum group Uq
(
so(3)
)
, as expected by [7]. On
the other hand, the non-closure of the geodesics stems a fundamental obstacle to quantization of
the system. In particular, the particle on (S2)η is quantum mechanically different from the one on
S2 and it would be worthwhile to determine its spectrum. Insights into both these problems might
be devised by use of the Kirillov-Kostant-Souriau method of coadjoint orbits, see also the recent
works [35], as its extension to quantum groups has been investigated [36].
A different explanation to the first problem might be that geodesic motion does not entail
rich enough world-sheet dynamics and that to observe the Hopf-algebra structure of a quantum
deformed isometry algebra one has to study more involved string-like solutions. For instance, it
would be interesting to see whether also for the η-deformed Neumann [20] and Neumann-Rosochatius
models [21] additional non-abelian integrals of motion can be constructed.
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A Integrals of motion for the spheroid
In the introduction and the conclusion we have asserted that the method for construction of new
integrals of motion developed in the present work is generally applicable to geodesic motion on
any two-dimensional surface of revolution. To illustrate this point, in this appendix we derive the
corresponding integrals of motion KA for the spheroid
15, i.e., for the ellipsoid of revolution.
For definiteness, let us consider the spheroid with polar semi-axes of length c and equatorial
13Here, the term “η-deformed” stems from the fact that the construction closely follows the one for the (AdS5×S5)η
sigma model, although its notion is questionable due to the lack of integrability.
14See the talk by A. Tseytlin at IGST 2016, Berlin.
15We do not invent separate notation for spheroid quantities, as many expressions stay unaltered.
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radius set to one. Corresponding R3 embedding coordinates are ~X = (r cos(φ), r sin(φ), c
√
1− r2),
yielding for geodesic motion the Hamiltonian
H =
1− r2
2
(
(1− r2) + c2r2)pi2r + pi
2
φ
2r2
. (A.1)
The momentum piφ is an integral of motion, as required, and as in (3.3) we set K3 = −piφ. As
the Hamiltonian (A.1) is quadratic in momenta, still the same arguments apply and for KA=1,2 we
again take the ansatz (3.8).
The only difference to Section 3 lies now in the choice of appropriate variables k and p, see (3.9),
and the resulting ODE for β(k, p) (3.15). In particular, defining
p =
r√
(1− r2) + c2r2
pir
piφ
, k =
√√√√2H − pi2φ
pi2φ
=
√
1− r2
√
1
r2
+
1
(1− r2) + c2r2
pi2r
pi2φ
, (A.2)
and imposing {H,KA}PB = 0 we again find (3.13), where now however
Cβ(k, p) =
(1 + p2)
√
1 + k2 + p2√
k2 + c2(1 + p2)
. (A.3)
Solving (3.15), ∂pβ(k, p) = Cβ(k, p)
−1, we find the solution
β(k, p) =
c2 − 1√
c2 + k2
F (Φ,m) +
1 + k2√
c2 + k2
Π
(−k2,Φ,m)+ gβ(k) , (A.4)
with the argument Φ and the modulus squared m now given by
Φ = arctan
(
p√
1 + k2
)
, m =
(1− c2)k2
c2 + k2
. (A.5)
Hence, the final form of the charges KA=1,2 is given again by (3.22) (but with p and k in (A.2)
and β(k, p) in (A.4)), where the choice (3.21) results in an so(3) algebra (3.33).
We conclude by noting that the above expressions simplify dramatically for c = 1. Of course,
this has to be expected as it corresponds to the particular case of the spheroid being an S2.
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